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ABSTRACT

Our approach consists in finding the eigenmodes and the complex eigenfrequencies of structures using
a finite element method (FEM), that allows us to study mono- or bi-periodic gratings with a maximum
versatility : complex shaped patterns, with anisotropic and graded index material, under oblique incidence
and arbitrary polarization. In order to validate our method, we illustrate an example of a four layer
dielectric slab, and compare the results with a specific method that we have called tetrachotomy, which
gives us numerically the poles of the reflection coefficient (which corresponds to the eigenfrequencies of
the structure). To illustrate our method, we show the eigenvalues of one- and two-dimensional gratings.
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1. INTRODUCTION
The field of application of diffraction gratings has been extended over the past decades. They are
commonly used in various industrial and scientific domains, such as integrated optics, acousto- optics
or spectroscopy.1 For instance, they proved to be particularly efficient as anti-reflective surfaces,2 beam
shapers,3 waveguide couplers4 or spectral filters.5 More than a dozen of numerical methods have already
been developed as an answer to this strong need of conceiving and optimizing gratings : (Rigorous
Coupled Wave Analysis (RCWA6 ), also known as the Fourier Modal method (FMM7 ), the Chandezon (C)
method,8 differential method,9 integral method,10 the Finite-Difference Time-Domain method (FDTD11 ),
the method of variation of boundaries...12
For spectral filtering applications, one should determine the line shape of the transmission or reflection
spectra in order to fit the required features. To avoid the calculation of diffracted efficiencies for a wide
range of wavelengths, resonances of the structures should be found. This can be done by searching for
complex eigenfrequencies : the real parts correspond to the resonant frequencies and the imaginary parts
are related to the damping factors.
This paper is devoted to the study of resonances in different structures by solving an eigenvalue problem
with a FEM. It is validated by an independent method that we have called tetrachotomy on an example
of a four layer dielectric slab. Then the eigenproblem solved by a FEM is applied to one- and twodimensional gratings. The originality of our approach is that it works irrespective to the geometry and
material properties.

2. SET UP OF THE PROBLEM
We denote by x, y and z the unit vectors of an orthogonal coordinate system Oxyz. We deal with
time-harmonic fields, so that the electric and magnetic fields are represented by complex vector fields E
and H with a time-dependence in exp(−iωt).
We deal with stacks of different layers that may be periodically structured. The materials in this paper
are assumed to be isotropic and their optical behaviour is characterized by their relative permittivity ǫr
and relative permeability µr . Note that these scalar fields can be complex-valued, allowing the study of
lossy materials, and can vary spatially continuously or discontinuously (graded or step index structures).
The domain Ω under study can be divided into several sub-domains, as indicated in Fig. 1 :

Figure 1. Set up of the problem and notations.
– The superstratum (z > z0 ) which is supposed to be homogeneous, isotropic and lossless and cha+
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k := k0 ǫ µ , where k0 := ω/c.
– The multilayered stack (z0 < z < zN ) composed of N layers which are supposed to be homogeneous and isotropic and therefore characterized by their relative permittivity ǫn and their relative
√
permeability µn and we denote kn := k0 ǫn µn
– The substratum (z < zN ) which is supposed to be homogeneous and isotropic and therefore charactep
rized by its relative permittivity ǫ+ and its relative permeability µ− and we denote k − := k0 ǫ− µ−
– The groove region (zg−1 < z < zg ) which is embedded in the layer numbered g of the domain
under study, which can be heterogeneous and then characterised by the scalar fields ǫg (x, y, z) and
µg (x, y, z). The periodicity of the grooves along Ox (resp. Oy) is denoted dx (resp. dy ).
The grating is illuminated by an incident plane wave of wave vector defined by the angles θ and
φ : k+ = k + (sin θ cos φ, sin θ sin φ, cos θ)T = (α, β, γ)T . Its electric field E0 is linearly polarized along
the direction defined by the unit vector A0 : E0 = A0 exp(ik+ · r), with r = (x, y, z)T and A0 =
(cos ψ cos θ cos φ − sin ψ sin φ, cos ψ cos θ sin φ + sin ψ cos φ, − cos ψ sin θ)T . The problem of diffraction is to
find Maxwell’s equation solutions in harmonic regime i.e. to find the unique solution E of :
−curl(µr−1 curl E) + k02 ǫr E = 0

(1)

such that the diffracted field satisfies an Outgoing Wave Condition and where E is quasi-periodic with
respect to x and y coordinates, i.e. :
E(r + d) = E(r)exp(ik+ · d) = E(r)exp(i(αdx + βdy ))
with d = (dx , dy , 0)T .
A method13–16 based on the resolution of the diffraction problem defined by Eq.1, and adapted to the
FEM, allows us to extract the transmission, reflection, Joule losses and to obtain a global energy balance.

3. DESCRIPTION OF THE METHODS FOR FINDING RESONANCES
Our purpose is to find resonances of the structures under study. To achieve this, we use two independent methods which are explained in this part. We firstly introduce the following eigenvalue problem.

3.1 The eigenvalue problem
The eigenproblem we are dealing with consists in finding the solutions of source free Maxwell’s equations. We want to find the complex eigenvalues ωn and the non vanishing fields En which are bi-pseudoperiodic in Ω and such that :
−1
2
M(En ) := c2 ǫ−1
r curl(µr curl En ) = ωn En .

(2)

It is of importance to note that the eigenvalues ωn are generally complex valued and are therefore denoted
ωn = ωn′ + iωn′′ even if the operator of Maxwell M is formally selfadjoint for lossless materials. The real
part is the resonant frequency and the imaginary part is the damping ratio. The quality factor associated
to a resonance is defined by Qn := ωn′ /(2ωn′′ ). For solving such an eigenproblem, a FEM formulation is used
and described thereafter. These eigenvalues may be also considered as poles of the reflection coefficient of
the device.17 The “poles’s hunting” is based upon tools of Complex Analysis (called tetrachotomy) and
is recalled in the following. Moreover, the double periocity in x and y leads to reduce the eigenproblem
to one cell and to use the so-called Bloch decomposition theory and to parametrize the operator at stake
by the coefficients of quasi-periodicity α and β which are forced to be real valued despite of the fact that
there is no incident plane wave. Thus, the operator of Maxwell ought to have been written Mα,β . Note
that α and β are only a “reminiscence of the incident field ” : γ is missing. It is then vain to recover θ
and ϕ thanks to α and β since neither
k + nor γ are known. It will be given by the eigenvalue ωn : if ωn′′ is
p
+
+
+
small enough, we can set kn ≃ ǫ µ ωn /c, and deduce the corresponding angles for which a resonance
may occur by α = kn+ sin θn cos ϕn and β = sin θn sin ϕn . As for the polarization angle ψ the spectrum of
the operator Mα,β is insufficient : a thorough study of the eigenvectors is essential.

3.2 The FEM formulation
The eigenproblem defined by Eq. 2 is then solved by the FEM, using both PML at the bottom and
at the top of the meshed domain and by taking into account the quasi-periodicity conditions on lateral
bounds on the same area. Finally, Neumann homogeneous conditions are imposed on the outward edge
of each PML. The values of the field on these boundaries gives valuable information on the absorbing
efficiency of the PML. Note that the eigenvectors En we are looking for are not of finite energy, but
the use of PMLs makes them of finite energy, which is a necessary condition for the weak formulation
associated with the FEM.17–19
The cell is meshed using 2nd order
p edge elements. In the numerical examples in the sequel, the maximum
element size is set to λ/(Nm Re(ǫr )), where Nm is an integer (between 6 and 10 is usually a good
choice). The final algebraic system is solved using a direct solver (PARDISO).

3.3 The tetrachotomy
As previously said, the eigenvalues of the structure are also the poles of the reflection r(ω) (or transmission t(ω)) coefficient for the amplitude. Searching for poles is a rather difficult problem, since we do
not know a priori their number nor their positions in the complex plane. The transmission coefficient
can be cast into the following form17 :
t(ω) =

X

n∈N

An
+ g(ω)
ω − ωn

(3)

where the residues An ∈ C and g is an holomorphic function representing the non-resonant process.
Let Γ be a Jordan curve containing solely the pole ωm . We define the following complex line integrals Ik
for k = 0, 1, 2 :
I
I
1
1
Am
k
Ik =
dω
(4)
ω t(ω)dω =
ωk
2iπ Γ
2iπ Γ ω − ωm

since, invoking Cauchy’s theorem, the integral of g on a closed loop is null. Applying the residues theorem
Am
to fk : ω 7→ ω k ω−ω
leads to :
m
k
Ik = Resωm fk = lim (ω − ωm )fk (ω) = Am ωm
ω→ωm

Hence, we know the value of Am = I0 and the pole ωm is precisely given by :
ωm =

I1
I2
=
I1
I0

(5)

The algorithm of tetrachotomy consists in calculating the poles one by one by dividing sets of rectangular
domains (starting with a single initial one) in four isometric parts until we “surround” every pole. We
distinguish three cases :
– I0 = I1 = 0 : no pole,
– II12 = II10 : a single pole given by Eq. 5,
– II12 6= II10 : several poles.
The performance of the method is linked to the calculus of the integrals defined by Eq. 4. The details
of the method can be found in Ould Agha.20

4. VALIDATION : EXAMPLE OF A DIELECTRIC MULTILAYERED STACK
In order to validate the two methods and to compare them in a very simple and academic example,
we search for the resonances of a four layer slab, as shown in Fig. 2. The problem is invariant in the (Ox)
direction the plane of incidence is (0xz) (φ = 0). We search for TM polarized fields (the only non-zero
component of the magnetic field is Hx ), i.e. we search for eigenvectors in a subspace such that ψ = π/2.
Under these conditions, the vectorial problem 3.2 reduces to a scalar one. We are looking for resonances
at normal incidence (θ = 0), so we set β = 0 (and hence γ = k + ). The parameters for the following
example are h1 = 26µm, h2 = 0.5µm, ǫair = 1, ǫSi = 11.7, and the relative permittivity21 of SiO2 and
ZnSe are ploted in Fig. 3 in the far infrared (8-14 µm). In this spectral range, losses can be neglected for
ZnSe. Note that we work in the absorption band of SiO2 , both real and imaginary parts of its relative
permittivity vary quickly with the wavelength.
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Figure 2. Schematic and notations of the
slab under study.
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Figure 3. Relative permittivity of SiO2 and ZnSe as a
function of the wavelength λ.

Dealing with dispersive materials makes the eigenvalue problem not directly tractable with standards
solvers, as the operator of which we want to find the eigenvalues depends itself on the eigenvalue ω via
(1)
ǫr (ω). In practice, the permittivity is supposed to be constant : we search Neig eigenvalues ωn around
(2)
(1)
the frequency ω (0) fixed arbitrarily. Then, for n = 1, 2, . . . Neig we search one eigenvalue ωn around ωn
(1)
(k)
with updated ǫr (ωn ), and iterate by computing ωn until we converge to a fixed point on the value of

(k)

ωn .
Here we obtain the transmission coefficient of the slab by a transfer matrix formalism.22, 23 The numerical
scheme used to calculate the integrals defined by Eq. 4 needs to evaluate the transmission coefficient for
number of points proportional to the desired precision. The method used to calculate the transmission
coefficient needs therefore to be low memory consuming in order to be able to use the tetrachotomy in
an efficient way.
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Fig. 4 shows the loci in the complex plane of the resonances found by the tetrachotomy and the
eigenvalue problem. To compare them, we define the following relative differences :
′

En′

=

′

ωn,tetra − ωn,f em
ωn,tetra
′

′′

and

En′′

=

′′

ωn,tetra − ωn,f em
ωn,tetra
′′

for n = 1, 2, . . . 7

(6)

The two methods are in good agreement as it can be seen in Fig. 5 : the maximum absolute value of
the relative difference is of 0.1% for the real parts and of 2.7% for the imaginary parts. Note that this
maximum discrepancy occurs for the resonance labelled 7, for which the real part is near 10.6µm. For this
wavelength, ǫSiO2 exhibits a resonant behaviour and corresponds to the resonant frequency of Si-O bound.
Fig. 6 shows the transmittance obtained by a transfer matrix formalism (solid line) and by the FEM
(circles). Indeed, we also calculated the transmission by the method described in 2. The two methods are
in good agreement, and, as expected, the transmission curves exhibit resonance peaks numbered 1 to 7,
corresponding to resonance frequencies depicted in Fig. 4. To illustrate this correspondence, we made a
single pole approximation. We suppose that around the pole ωk , the transmission can be written as :
tn (ω) =

Bn
ω − ωn

(7)

We can obtain the coefficient Bn = −iωn′′ t(ωn′ ) by calculating the complex transmittance t(ωn′ ) at the
resonance by the FEM. This single poles approximations are plotted in Fig. 6 (dashed curves) : locally
around the pole ωn this is a good approximation, ωn′ defining the peak spectral location and ωn′′ defining
the peak spectral width.
This example shows that the two methods find similar resonances with a satisfying precision.
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Figure 6. Transmittance as a function of the wavelength λ ; dashed lines : single pole approximation.

5. RESONANCE DETERMINATION OF DIFFRACTION GRATINGS
In thist part, we study some examples in the framework of diffraction gratings. The tetrachotomy is
not easy to implement for this kind of structures even if closed formulae can be found in some academic
examples.24, 25 Moreover, they make assumptions on material characteristics (assuming metals as perfect
electric conductors), and geometries (narrow slits), restraining the domain of application of the method.
The advantage of the FEM is its complete generality with respect to the geometry and the material
properties. In order to study and design gratings with possibly complex shaped diffraction patterns in
future works, we now focus on the resolution of the eigenvalue problem using the FEM.

5.1 Example 1
We study mono periodic grating of slits engraved in a metallic film deposited on a dielectric substrate,
as shown in Fig. 7. The parameters of the gratings are the period d = 4µm, the metal thickness h = 5µm,
the slit width w = 0.7µm. The optical properties are ǫ+ = 1, ǫ− = 2.25. The metal used here is chromium
which relative permittivity is described by a Drude model26 :
ǫCr (ω) = ǫ∞ −

ωp2
ω 2 + iωωτ

(8)

with ǫ∞ = 1, ωp = 36 650 cm−1 , ωτ = 440 cm−1 .
We search for resonances at normal incidence (θ = 0), and in TM polarization. The mesh parameter NM
is set to 8.
We find two eigenmodes in the spectral range 8-14 µm (far infrared), the spatial distribution of the
real parts of Hx , Ey and Ez are plotted in Fig. 8. The associated eigenfrequencies are ω1 =283.9+11.4i
THz and ω2 =147.5+22.6i THz.

Figure 7. Schematic of the grating
under study.
n
1
2

λn
6.63
12.77

Qn
12.48
3.26

λfnit
6.7
12.8

Qfnit
12.5
3.3

Table 1. Resonance features : λn
and Qn obtained by the resolution
of the eigenproblem ; λfnit and Qfnit
extracted from a Gaussian fit (wavelength in µm).

Figure 8. Spatial distribution of the real parts of Hx , Ey
and Ez for the two eigenmodes.
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Figure 9. Zeroth-order transmission T , zeroth-order reflection R, Joule loss L and energy balance B as
a function of the wavelength λ.
To check this result, we solve the diffraction problem with the method mentioned in section 2, for
an incident wavelength varying from 8 to 14 µm, and deduce zeroth-order transmission T , zeroth-order
reflection R, Joule losses L and energy balance B as a function of the wavelength λ (see Fig. 9). We clearly

observe two transmission peaks. Table 1 shows the two resonances wavelength λn = 2πc/ωn′ and quality
factor Qn = ωn′ /(2ωn′′ ) calculated by solving the eigenvalue problem, along with λfnit and Qfnit extracted
from a Gaussian fit of the transmission curve. For each resonance, both value are in good agreement. The
differences are due to the assumption of isolated pole when solving the eigenproblem, whereas there is a
coupling between the two modes.

Figure 10. Colormap : zeroth-order transmittance
T0 (β, ω ′ ) ; + : dispersion diagram ω ′ (β) ; — : nth order
Wood-Rayleigh anomalies in transmission WRAtn (solid)
and reflection WRArn (dashed) ; · - · - : cavity resonance
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This second example is devoted to illustrate the accuracy of the method for a varying angle of incidence. The structure is the same as in the previous section with d = 6µm, h = 4µm and w = 1µm. We
calculated the dispersion diagram ω(β) by searching the eigenvalues for different β ∈ R. We also computed
the zeroth-order transmission for varying incident wavelength and angle. We can observe in Fig. 10 that
the lowest eigenfrequency follows the transmission maxima when β varies. The others eigenfrequencies
appear close to the Wood-Rayleigh anomalies,27, 28 which are due to the appearance/disappearance of a
diffraction order and the excitation of surface modes,29 (in this case surface plasmons). These anomalies
occur when the tangential component of the reflected/transmitted plane wave β ± matches the tangential
component of the nth diffraction order βn = β0 + n2π/d, which reads the following condition :
λ±
n =

d √ ±
( ǫ − sin θ)
n

(9)

For weak values of β, the spectral position of the lowest resonance frequency is close to the fundamental
cav
frequency of a Fabry-Perot like cavity (ωm
= mπc/h, for m ∈ N∗ ) defined by the slit. The associated
quality factors are low (see Fig. 11). When β increases, the resonance frequency tends to that of the
Wood-Rayleigh anomaly of the -1 transmitted order and the quality factor becomes larger, which means
that the resonance peak is sharper, as it can be seen in Fig. 10.

5.3 Example 3
We now study a bi-grating made of a free-standing chromium layer of thickness h = 800nm structured
with holes of radius r with period dx = dy = d = 8µm, as indicated in Fig. 13. We study the resonances

at normal incidence, as the radius of the holes varies from 1.8 to 2.8 µm. For a given r, we find two
eigenvalues, one corresponding to the TE case and the other to the TM case. Because we search for
solutions at normal incidence and due to the symmetry of the holes by rotation of π/2 around the z axis,
the eigenvalues corresponding to the two polarization cases are degenerated.30 Fig. 12 shows that as r
increases the resonance peak moves to higher wavelengths and broadens (Qr decreases). The diffraction
problem was solved in TM polarization, for incident wavelengths in the range 7-14 µm, for r = 2 µm and
r = 2.5 µm. We plotted the zeroth-order transmittance T0,0 as a function of the wavelength for the
two cases in Fig. 14, and extract the features of the resonant peak. As expected by the results of the
eigenfrequency analysis, the transmission maximum occurs at λ ≃ 8.4µm with a quality factor Q ≃ 13
for r = 2µm, and at λ ≃ 8.7µm with a quality factor Q ≃ 5 for r = 2.5µm.
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Figure 13. Schematic of the hole array under
study.
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Figure 14. Zeroth-order transmittance T0,0
as a function of the wavelength for r = 2
µm and r = 2.5 µm.

6. CONCLUSION
We developed a method to study the resonances in microstructured devices by the FEM. The principles
exposed here are independent of the geometry of the diffraction patterns or the number of structured
layers.
We validated this method with an example of a four layer slab which transmission features are easily
obtained. We then show the eigenvalues of a one dimensional grating of metallic slits deposited on a
dielectric substrate, and study their modification with the angle of incidence. Finally we study the resonances of a crossed grating of circular apertures, and study the way they vary with the radius of the holes.
The main advantage of this method is its complete generality with respect to the studied geometries and the material properties, making the method very flexible and adapted to fabrication processes

requirements. Instead of solving the diffraction problem for a whole spectral range to obtain the transmittance, we search for the intimate features of the structures : their eigenmodes and eigenvalues. A
resonance is entirely characterized by one point in the complex plane, making parametric studies, design
and optimisation easier to realize. Nowadays, the efficiency of the numerical algorithms for sparse matrix algebra together with the available power of computers and the fact that the problem reduces to a
basic cell with a size of a small number of wavelengths make the 3D problem very tractable as proved here.
Furthermore, this case can be easily extended to the case of a crossed grating embedded in a multilayered dielectric stack. The generalization to the case of an arbitrary anisotropic diffractive object is
straightforward.
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